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In the previous article |l| it was shown that in the Chern-Simons membrane case there 
always appears an infinite set of secondary constraints in contrast to the C-S string theory 
0] in which there are two possibilities for the first class constraints : there is a finite or an 
infinite number of secondary constraints. There is also another, rather formal, possibility 
when second class constraints appear also (see Refs. 1 and 2 ). 

When there appears an infinite set of secondary constrains for the C-S string, they 
satisfy an infinite algebra with respect to the Poisson bracket. This algebra contains as 
a subalgebra the classical (without central term) affine SL(2,R) algebra, as well as the 
classical Virasoro algebra and their higher spin extensions which contain classical Wi+oo 
algebra 0. Through this paper we are dealing only with classical infinite algebras. 

In the case of C-S membrane the infinite set of constraints gives a linear realization of 
higher spin extended algebra in two-dimensions which contains affine SL(2,R), Virasoro 
and VFi-i-oo-algebras in two dimensions as subalgebras3[jl[]. We note, that any of these 
algebras can not be represented as a direct product of two infinite algebras in one dimension 
as in the two-dimensional conformal theory || -0 and their Woo extensionsi. We have 
to take into account also that in the C-S membrane theory we are dealing with two spatial 
dimensions while the time variable appears only as evolution parameter which is not the 
case on the ordinary 2D conformal theory. The generalization of the results for arbitrary 
C-S p-branes is strigtforward. In that case we have higher spin extension of the affine 
SL(2,C) in p-dimensions. 

The polynomial Chern-Simons p-brane action was obtained in || from the topological 
(p + l)-brane action (only for D = p + 2) |§ - ||12|1 in the same way as in the ordinary 



local theory. In the paper |13[ a generalization for an arbitrary space-time dimension was 
found. 

In the present article the gauged C-S mebrane theory is constructed in the Hamiltonian 
approach considering the Lagrange multiplyers as a gauge fields with arbitrary spin. The 
Wi+tx, transformation properties of the gauge fields are obtained. We note that the "No 
go theorem" in the case of spin > 2 (see Ref. [jnj) does not take place because we are 
dealing with an infinite sequence of higher spin gauge fields. Through this paper we use 



1 In ordinary two-dimensional conformal theories we have two copies of Kac-Moody, Virasoro 
and W algebras each of which acts only on one light-cone (holomorphic or antiholomorphic) 
coordinate, i.e. we have direct product of two algebras in one-dimension. 

2 In the present article we use the terminology of the papers || and [[?]]. 
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basis in which not all the constrains are independent and as a consequence there exists 
an additional symmetry of Stuckelberg type [|15| . This symmetry allows us to exclude the 
corresponding gauge fields (with odd spin) by means of gauge fixing procedure. Integrating 
over the momentum variables we find Wi+oo gauge invariant action on the configuration 
space. We remaind that the Lagrangian approach to the VF-gravity was considered in a 
lot of papers among the first of which are |16| and [[15 . 



To proceed further we shall remind brifly some results from the papers |J and ||13|| , 
where in order to generalize the C-S p-brane to arbitrary space-time dimension the following 
notation were introduced: 

v -f> v - x if A = * 
X > A - ° aX - X, a = d a X if A = a, 

(a = 0, 1, 2, . . . ,p). The polynomial Lagrangian for the C-S p-brane is given by L = detX^ A 
which exists in D = p + 2 only. To extend this action for target space with arbitrary 
dimension, a generalized induced metric tensor is introduced 

9AB = X^X^gTlnu, (1) 

where rj^ is the pseudoeuclidean metric tensor. Formally replaciment of the ordinary 
induced metric tensor in the Nambu-Goto action with the generalized metric tensor given 
by Eq. ([!]) gives the action for the generalized C-S p-branes wich lives on a target space 
with arbitrary dimension 

S = k I drd p a^/-g. (2) 



It is easy to check that the action (Q) obei the same p + 1-variable diffeomorphisms 
invariance as the ordinary p-branes action. As a consequence of this invariance from the 
following first class primary constraints are obtained: 



ii = V 2 + K 2 det(X !U X >v ] w 0, 



(t>j = VX a , w 0, (3) 
0, = VX w 0, 

where u,v = *, 1, . . . ,p; j = 1,. ..,p. Hence, there appears one additional primary con- 
straint and moreover, the degree of the first constraint is higher by two degrees than the 
degree of the corresponding constraint in the ordinary p-branes. The latter is a consequence 
of the fact that the Lagrangian given by Eq. (^) and the constraints (|3|) are obtained from 



the corresponding ordinary (p+ l)-brane Lagrangian and (p + l)-brane constraints substi- 
tuting d ap+1 X by X. We recall, that the ordinary bosonic string has only two (bilinear) 
constraints while the C-S string has three primary costraints, one of which is of degree 
four with respect to X. 

The appearance of the constraint 0* shows us that some residual symmetry from the 
p + 2-variable diffeomorfisms (under which the action of the p + 1-brane is invariant) sur- 
vives. As a consequence of the appearance of the constraint 0# there arise some secondary 
constraints too. In the C-S particle case we have only one secondary constraint, while 
in the C-S string case there are two possibilities: four (three primary constraints and one 
secondary constraint) first class constraints || or an infinite set of first class constraints || . 
We note that in the latter case not all of the constraints are independent if we deal with 
finite dimensional target space. Hence we have not dynamical degree of freedom. In that 
case the dynamical degrees of freedom can take place only if we have infinite dimensional 
target space. 

For any C-S p-brane the canonical Hamiltonian vanishes identically, i.e. 

U = VX - C = 0, (4) 

which is a property of the ordinary p-brane theory also. 

The analyze of the constraint algebra in the case of C-S membrane shows us that there 
is an infinite series of secondary constraints [|l| . An appropriate choice of these constraints 
is the following: 

qm,n = (pd™d2 2 V) W 0, 

$ m,n = (Xd™d2 2 X) « 0, (5) 

T m ' n = (Vd&a^x) « 0, (m,n = 0,l,...). 

We note that, as it was mentioned above, if D is finite we have only a finite number 
of independent constraints (|5|). However, when we are dealing with infinite dimensional 
target space it is easy to check that all the constraints V are independent as well as 
those of the constraints \1/ and $ for which m + n = 2k (k = 0, 1, . . .). To prove the latter 
statement we use the following identity 

(d™d^XY) = jrj2(-r +n - p - q h) (") dl^Xd^J) (6) 

p=0 q=0 ^ ' ^ ' 



which consequend from the Laibniz formula. 

Using the Eq. (|6|) we obtain that the constraints \1/ and $ with arbitrary odd spin 
can be represented in terms of the constrains with all underlying spins: 



p=0 q=0,q+p^O ^ / V y / 

(7) 

where k, I = 0, 1, 2, . . .. To obtain the r.h.s. of the Eq. (0) for given fc, I only in terms of 
independent quantities we have to determine all of the even lower spin quatities from the 
corresponding equation and then to insert them in the r.h.s. of (0). In such a way we get 

(XX 2K - l+1 > 1 ) = cZ'! m d 2 J^- M) - l+m+1 d l - m (XI 2M - m ' m ) , (8) 

M,m 

where the sumation over m is from to min(l, 2M) and over M is from to 
K + (m - / + l)/2. The coefficient C^ m can be determined by the procedure described 
above. 

Althout, only the constraints \1/ and $ for which m + n = 2k are independent for 
convenience we do not exclude the odd spin constraints, moreover, that all the constraints 
r are independent (for D = oo). 

With respect to the Poisson bracket the constraints (|5|) form an infinite algebra which 
contains Wi +00 algebra in two-dimensions as a subalgebra : 

k I 



{rw[/],r ra «»[/i]}p fl = EE (*) (J) r^-p^-^fd^h] 



p=0 g=o 
m n 



- E E ( m r ) ( n s ) r*+™-"'+»- [hd^ a: 2 /] . 



(9) 



We note, that Eq. (||) contains as subalgebras also two copies of VFi+oo algebras 
in linear realization - one of which acts on o\ coordinate and the other one acts on 02 
coordinate!. The constraints r fc '° and r°' fc appear as generators of these transformations. 
In the general case r fc '' can be considered as generators of generalized diffeomorphismes 



3 These W\+ 00 -algebras differ from the ordinary Wi+oo-algebras because they are not mutually 
commuting. 



in two dimensional space. Indeed, the Poisson bracket of V with the coordinate X^ and 
with the momenta P M give the transformation laws for the phase space coordinates: 

8 k /x» = {r k > 1 [f],x"} PB = -fa^a^x", 

5 k,i v , = {r ^[f],v»} PB = (-) fc+ ^E (t) (I) WJ9 k a: p d l - q v^. (10) 

p=0 q=0 ^ ' ^ ' 

In the same way we obtain also: 

5 k ' l X» = {$ k > l [f],X»} PB = 0, 
6% l V i = {$ k > l [f],P' i }pB 

p=0q=0 ^ ' ^ ' 



:n) 



k I 

) k d l , 

p=0 q=0 

4'V = {$ m [/],p^}p B = o. 



Consequently, 5 r '° and 5 r ' are ordinary diffeomorphisms in two-dimensional space. We 
note, that the assymmetry which appears in the transformation laws of the coordinate 
X and momentum V is a consequence of the assymetric choise of the constraint basis 
(|j). Taking into account the identity (^|) a more symmetric basis can be obtained for the 
constraints ([5]) by a simple redefinition 

rra n 

Am,n Tm,n \ ^ \ ^ imn ptp ptq \m—p,n — q 

iV iV ~~ 2.^1 2.^1 PI ^1% ' 

p=0 q=0 

where b are constants. By a suitable choise of b the classical algebra (0) can be deformed 
to an algebra which admits diagonal central extension || also, at least for the Wi +00 
subalgebra. 

Because of the vanishing of the canonical Hamiltonian given by Eq. (Q) the first order 
action can be writen in the form: 

S = J drd 2 a{vX-a mn {XX^) - P mn (PV^) - 7m,(^ (m,n) )) , (12) 

where £7" < - m ' n * ) = <9™<9™ 2 £7. In order to gauge the action givev by Eq. (|T2| ) we consider the 
lagrange multiplyers a, (3 and 7 as fields depending on the evolition parameter r also. 
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Then using the transformation laws for the phase-space coordinates given by Eqs. ( |T0| ) 
and ([n]) with r depending parameters / we obtain the transformation laws for the gauge 
fields: 



5ra mn = E H r+S (r)( l s) wJf^rn-k+^-i+s) 

k,l>Or,s=0 V / V / V / 

+ E E (r) ( i) a M d ai d a 2 fm-k+r,n-l+s, 



(13) 



k,l>0 r,s=0 
k.l 



SrPmn = - E E ( _ ) fc+Z f^^ r ) fkld r ai d S a2 P m -k+r,n-l+i 
k,l>0r,s=0 ^ ' ^ ' 

E E f J J ( s ) Pkld^d^Jm-k+r^-l+s, 

u i^>n r o— n \ / \ / 



(14) 



fc,Z>0 r,s=0 



<5r7mn — -/mn ~ E E ( f ) ( S ) /w^^Jm-Jt+r.n-i+s 
lc,I>Or,s=0 V / V / 

E E ( r ) ( s ) 'Yudl 1 d* 2 f m -k+r,n-i+s, 



(15) 



fc,2>0 r,s=0 

We note, that the action ( p!2| ) is invariant only with respect to the gauged Wi+oo alge- 
bra in two dimensions. It is not invariant with respect to the local gauge transformations 

(ED- 

In order to write down the action ([1^) on the configuration space we exclude the 
momentum variables by means of the equation: 



Incerting the Lagrangian from ( |T2| ) into Eq. ([16]) we find 

X M - aX^ - QV^ = 0, (17) 

where 



, m,n v 

Q = 2 E ^w 2 + E 9 y^™ 9 r p c 9 



(18) 



m,n>0 P)<?=0 

and the derivatives act on the right. From Eq. ([17]) we obtain 



P ll =Q- 1 (X li - «-n^' n )- ( 19 ) 

m,n>0 
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Incerting the momentum from (19) into ([12]) we find 



C=UX 2 -X 2 (J1 -X 2 \- UrnnXX^ -f3 mn XX^ -^ mn XX^\ (20) 

^ ' m,n>0 ^ ' 

where the kinetic term is separated formally. New gauge fields 5, . . . are introduced instead 
of the infinite series of the Lagrange multiplyers a, . . . and their derivatives and A is a gauge 
invariant field whit spin 1. The explicite form of these functions in terms of a, . . . can be 
found by power decomposition of the operator Q~ l . 

In order to gauge the configuration space Lagrangian Q2"0| ) we suppose that the mul- 
tiplyers 5, . . . are functions of the evolution parameter r and the spatial world-sheet co- 
ordinates a. From the invariance of the action (^0[) with respect to the local Wx+oo 
transformations we obtain the tranformation laws for the gauge fields: 

k.l 



5a mn = -Xfmn ~ E it) (I) (-) Hi9 y' 2 (/H ft ™-H P ,«-!| 9 ) 

k,l>0p,q=0 ' ^ 

— k-\-p,n—l-\-q I ? 

5Pmn = -\fmn + E E ( J ) (') ((-) k+l d^ 2 (f kl (3 m - k+p , n - l+q 
k,l>0p,q=0 ' ^ 



(21) 



+ fklOim-k+p,n-l+q) + a&./C^e?^ f m — k-\-p,n — l-\-q — k-\-p,n — l-\-q I 

= — ^M^cti + dl 2 )fmn + 2(d ai fk-l,l + d a2 fk,l-l) + /m-2,n ~ fm,n-2^ 

+ E E ( k p ) (I) (n k+l dMhnrn-k +P , n -i +q 

k,l>0p,q=0 ^ ' ^ ' ^ 

+ fklP m — k+p,n— i+q) +lk,id p ai d q a J m 

— k-\-p,n — l-\-q I 5 



According to Eq. (^) all the quanties XX m ' n (if D = oo) as well as the quantities 
(XX™ ,n ) and (XX m,n ) for which m + n = 2k are independent. So the formula @ 
shows that there exists an symmetry of the action ( p0|) with respect of the transformations 
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of Stukelberg type p"5 



—m+l,m — u 2M-m+l,mi 

?~ _ siK,l a2(K-M)-l+mal-m. l 

da 2 M-m,m ~ ~ C M,m°<Ti d a 2 V>2K+1, 

K,l 

— m+l,m V 2 M 

r~ \^ n K,l n j 2(K-M)-l+mal-m n , 

0j2M-m,m ~ ~ 2^ C M,m d o-\ c 2 V 2 K+1,, 



(22) 



AT,/ 

where w mjn and v m ,n are arbitrary functions. This invariance allows us to choose the 
folowing gauge fixing 

OC2K -1+1,1 = 0, 

(23) 

l2K-l+X,l — 0. 

In this gauge the even spin quantities (XX 2K ~ l+1,1 ) and (XX 2K ~ l+1,1 ) are canceled in 
the action (|20|). Then the Lagrangian became 

c = -(x 2 -x 2 a -X 2 



/ \ (24) 

- P mn (XX m > n )+ [a2K-iAXX 2K -^)-^ K . hl XX 2K -^Y 

m,n>0 2K>1 ^ 



which in the case D = oo contains only independent quantities. In any other case only 
finite number of quantities survives. 

At the end we note that, the Hamiltonian approach applyied here loses the manifest 
Lorentz covariance and leads to Hamilton gauge. For instance, here appear three infinite 
sequences of gauge fields instead of one vector gauge field sequence that appears in the 
manifestly Lorentz covariant approach. The generalization for the case of arbitrary C-S 
p-branes is straightforward. In that case we have p + 1 infinite sequences of gauge fields 
i.e. one sequence of p + 1 vector potentials. 
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